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Abstract 
Kitamura, Y. and T. Kusano, Asymptotic analysis of solutions of systems of neutral functional differential 
equations, Journal of Computational and Applied Mathematics 41 (1992) 23-33. 
Weakly coupled systems of neutral functional differential equations of the form 
~[X(t~-Ax~t-~)]+f(l,x(p(f)),Y(B(I)))=O, 
$[YW- PYO --7)1+ g(t, X(PW), y@(t))) = 0 
are considered. We give explicit conditicns under which the system has solutions with prescribed asymptotic 
behaviors. 
Keywords: Delay differential equations; neutral delay equations; asymptotic behavior. 
1. Introduction 
Weakly coupled systems of neutral functional differential equations of the form 
d” 
dt” b(t) - Ax0 -a)] +f(t, x(&J), YP0))) =O, 
-E.LY(l -r>] +g(t, ++))9 YPW)) =o 
(A) 
will be considered under the following assumptions: 
(a) m, n are positive integers and A, CL, (T, T are positive constants with 0 < A < 1 and 
O<p<l; 
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(b) p(t), @(I) are continuous functions on [t,, a~), t, > 0, such that lim, .__ p( t ) = 
lim b_r tm=T 
(c) f(t. x, y), g( t, x, y) are continuous functions on [I,;, 00) x R* such that 
f(t. -r, v) I < F(t9 Ix I9 I Y I), I g(t, x, Y) I G G(t, Ix I, I Y I), 
for (t, x, y) E [to, 00) X UB’ for some continuous functions F( t, K, u), G( t, u, u) on [to, 0~) X I@. 
which are nondecreasing in u and L* for each fixed t 2 t,,. 
Our main interest is to study the existence and asymptotic behavior of solutions (x(t), y(t)) 
of (A) defined in some neighborhood of infinity. Since the unperturbed equations 
d” 
F[x(f)-Ax(t-0)) =0 and g[y(t)-py(t-7)1 =0 
have the solutions 
( 1, t 9.•-9 tmml, X/%,(t)) and (1, t ,..., tnwi, pt~r~,(t)), 
w,( t ) [respectively o,( t )] being any continuous o-periodic [respectively T-periodic] function, it 
will be natural to expect that there exist solutions (x(t), y(t)) of the system (A) having the 
following three types of asymptotic behavior as t + 00: 
(I) x(t) = const. . ti + o( ti) and y(t) = const. . t” + o( t”), as t --) OQ, for any given j E 
(09 I 3==-, m - 1) and k E (0, l,.. .,I? - 1); 
(II) x(t) = const. l At/%&) + 0(X/“) and y(t) = const. - p’%,(t) + o(p”‘), as t + 00, for 
any given continuous a-periodic function o,,(t) and any T-periodic function o,(t ); 
(III) x(t) = const. l ti + o( ti) and y(t) = const. - pthi( t ) + o(p’/‘), as t + 00, for any given 
j E (0, 1,. . . ) m - 1) and any continuous T-periodic function o,(t). 
An analysis will be given to yield explicit conditions under which (A) has solutions with the 
asymptotic behavior (I), (II) or (III) described above. Eve.rv solution of type (I) is nonoscillatory 
in the sense that both of its components are nonoscillatory. A solution of type (II) is either 
nonoscillatory or oscillatory according to whether the involved periodic functions w,(t) and 
+(t) are both nonoscillatory or oscillatory in the usual sense. Since the existence criterion for 
type (II) solutions of (A) is independent of w,(t) and o,( t ), it turns out that the system (A) 
may possess both oscillatory and nonoscillatory solutions. In addition there is a situation in 
which (A) has all the three types of solutions simultaneously, implying automatically the 
coexistence of osciIIatory solutions and nonoscillatory solutions. 
It seems to us that very little is known about the oscillatory and nonoscillatory behavior of 
systems of neutral funcGona1 differential equations. though single neutral equations have been 
intensively studied in recent years (see, e.g., [l-4, 6-81). The only reference we are aware of is 
[5] in which bounded nonoscillatory solutions are constructed for a class of neutral systems 
similar to (A). 
2. Existence of solutions of type (I) 
2.1. Main result 
The first result of this paper concerns type (I) solutions of (A). 
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Theorem 1. Let j E (0, 1, . . . , m - l}, k E (0, 1, . . . , n - 1) and suppose that there is a constant 
a > 0 such that 
I 
co 
t”-islF(t, a[p(t)]‘, a[e(t)lk)dt < 00, 
t0 
/ 
00 
t n-k-*G(t, a[p(t)]‘, a[e(t)/“idt <OR 
to 
(2 1) . 
Then the system (A) has a solution (x( t 1, y(t)) with the property 
x(t) = atj + o(P) and y(t) = Ptk + o(tk), ast+q (2 2) . 
for some nonzero constants Q! and p. 
2.2. Lemmas 
We first state two lemmas which will be needed in proving the above theorem. 
Let C[T, 00) denote the set of all continuous functions 5 : [T, 04 + R and let &[T, 00) be 
the subset of C[T, 00) consisting of the functions q such that ET= ,h-‘q( t + ia) is uniformly 
convergent on compact subintervals of [T - CT, 00). Define the mappings @A,o :C[T, 00) --) C[T - 
u’, 4 and !P”,a : C,,,[T, 4 --) C[T - CT, 00) by the following formulas: 
n(t)- 1 
G&(t) = C A’((* - io) + “‘:“y) , t>T, - 
1=0 (2 3) . 
@A A*) 
S(T) 
= j-p T-cP<t<T, , - 
n(t) being the smallest positive integer such that t - n(t)o G T, and 
!PA,,q( t) = e A-$( * + io), t>,T-a. 
i=l 
Lemma 2. (i) If 5 E C[T, 4, then x = @A,or satisfies 
x(t) -Ax(t -o) =6(t), t >, T. 
(ii) If q E CA ,[T, m), then y = PA av satisfies 
y(t)&*-*)= -q(t); t >, T. 
Lemma 3. Let j 2 0 be an integer. Then, for x E C[ T, a), 
lim 
x(t) - Ax(t -a) 
t j 
= c # 0 implies 
-x(t) 
td=J 
lim-=++-. 
t+m t’ - 
Lemma 2 is almost trivial. The proof of Lemma 3 can be found in [5]. 
(2 4) . 
Proof of Theorem 1. The proof of Theorem 1 is based on a new idea of applying the well-known 
Schauder-Tychonoff fixed-point t? xrem. 
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Let c > 0 be a constant such that 2c/(l - A) < Q, 24 1 - p) G a and choose T; lo large 
enough such that 
T - (or, T - ~,fl”f&)+nfd(t )} b t, (2 5) . 
/ 2 
and 
I 
x 
T 
tm-i-lF(t, a[c(t)]‘, a[O(t)]‘)dt < $c, 
I 
X 
t “-“-*G(t, “[a(t)]‘, a[O(t)]“)dt < $. 
Let X, Y, G, V be the set of continuous functions defined by 
(2 6) . 
&,,+&(t-T)(<x(t)< 2c (t-T)‘,,t>T, , 
. (1 -A)j! 1 
&t-Thy(t)< (1 2;)k,(t-T):,t>T,), 
(2 3 . 
y E C[T,, m): - . . 
u= 11 E C[T, =):A 2j~(t-T)k.(t)<2c(t-T)i, t,,], 
. j! 
&” =: 
\ 
r E C[ T, =): &,(t-T)“,<c(r)c~(t-T)‘, ,,,), 
. . 
(2 8) . 
where (t - T),= t-Tif t>Tand(t-T)+= 0 if t < T, and it is understood that (t - T)T= 1. 
We use the notation 2 =X X Y, W = U x V. It is clear that 2 and W are closed convex subsets 
of the Frechet spaces C[T,, 4’, and C[T, a)‘, respectively. 
Let us define 9, : W+ C[ T, , 4’ to be a mapping which assigns to each w = (u, v) E W a 
vector function z = ( x, y ), where 
x(t)=GA__,zz(t), t>,T-o, x(t)=@,,,u(T-o), T, <t<T-a, 
y(t)=@F.izv(t), OTT-~, y(t)=@p,,v(T-T), T, <t,<T-7, (2 9) 
. 
and dcnotz by 9?: 2 + C[ T, 4’ a mapping which assigns to each z -= ! x, y ) E 2 a vector 
function w = (u, ~7) given by 
u(t) =+(t- T)j+I,,(f; x9 Y)(t), t>TT, 
. 
(2.10) 
c(t) = $ - T)k + &,k(g; x, y)(t), t>,T, 
. 
where 
m-l 
Im.()(f; x, Y)(r)=(-l)m-‘~x(;m~f)~), f(s9 44s)L Y(w))ds9 
I . 
zm,j(f; xy Y)(*) 
=(-l)m-i-’ ~(~~~~~'~xjr-s~m-~~:f(~,~(p(r)), y(e(r)))drds, 
(2.11) 
/ . m-- . 
jE (l,...,m - l), 
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and 1,J g; x, y) are defined similarly. Now we define F: Z x W --) C[ T, , 00)~ x C[ T, ~0)~ by 
9(z,w)=(F,w,F&, (z,w)EZXW. (2.12) 
It is a matter of simple computation to show that Fi( W) c 2 and F2( 2) c W, so that F maps 
2 x W into itself. It can also be shown without difficulty that ,! is continuous and 9(Z x W) is 
relatively compact in the topology of C[T,, d2 X C[T, ~0)~. Therefore, by the Schauder- 
Tychonoff fixed-point theorem, there exists an element (z, w) = (x, y; u, v) E 2 x W such that 
(z, w) = Y(z, w), that is, z = &w and w = F2t because of (2.12). This then implies that 
(2.13) 
u(t) = 
c(t - T)’ 
j! + Im,j(f; x3 y)(t), w = 
c(t - T)k 
k, +I,,,(& x, y)(t)~ 
. 
(2.14) 
for t 2 T, from which in view of Lemma 2 (8 and the definition of l,,,jC f; X, Y), In,&; X, Y) it 
follows that 
x(t) -hx(t -u) =u(t), y(t) -PY(t -7) =v(t), (2.15) 
U(~~~)(t) = -f(t, x(p(t)), y(e(t))), ~(n)(t) = -g(h x(P(~)), ~(e(t))), (2.16) 
for t 2 T. From (2.15) and (2.16) we see that (x(t), y(t)) is a solution of the system (A) for 
t 2 T. Noting that lim, ,,u(t)/tj = c/j!, lim, ___v(t)/tk = c/k! by (2.14) and (2.111, and apply- 
ing Lemma 3 to (2.151, we conclude that 
lim 
x(t) p(t) -= 
t+=Q t j and lim 7 = t--)31 (1 -I+ !’ 
showing that the solution (x(t), y(t)) of (A) has the desired asymptotic property (2.2). This 
completes the proof. •I 
3. Existence of solutions of types (II) and (III) 
3.1. Main results 
The main results of this section are as follows. 
Theorem 4. Suppose that there is a constant a > 0 such that 
/ 
03 
P -*/rG( t, ahP(I)/“, ap*(r)/*) dt < 00, 
t0 
(3 1) . 
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a contitiuous wperiodic finction o,(t) and pi continxzs T-peri@& function o,(t ), 
A) possesses a solution (x( t 1, y( t )) with the property 
x(t) =ah’/“o,(t) + o(P), y(t) =&Pm,(t) -I- o($/‘), as t +m, (3 2) . 
for some nonzero constants ac and #3. 
Theorem 5. Let j E (0, 1,. . . , nt - 1) and suppose that there is a constant a > 0 such that 
I 
JD 
trn-jaLF(t, alp(t)]‘, ap’(‘)/‘)dt < 00, 
t0 
/ 
X 
P -t/rG( t, a[ p( t)]‘, ape(‘)/T) dt < 00. 
t0 
(3 3) . 
liken for a given continuous T-periodic finctiov o,( tl, the system (A) possesses a solution 
(x(t 1, y( t N with the property 
x(t) = acti + o(tj), y(t) = J3jLt/k,(t) + Q($P), ast-+m, (3 4) . 
for some constants Q[ and #3. 
3.2. Lemma 
We begin by stating a result which will play a crucial role in the proof of the above theorems. 
Lemma 6. Let h(t) 3 0 be a continuous function on [T, 4 such that I,“A-‘/“h( t) dt < 00. Then, 
the function H(t) = jr(s -t)“- ‘h(s) ds satisfies !&, H(t) = o(At’“), as t --) 00, where !PA,, is 
defmed by (2.4). 
Proof. First note that since A < 1, H(t) is well defined for t 2 T. We have 
O<!P’,,H(t)= eAeijx (s-t-ic$‘-‘h(s)ds 
i=l l+icr 
= ~r\-i~~r+‘j+l’~(s-t_~o)r-lh(s)ds 
i=l j=i t+ju 
X 
= r+(j+lkf:(~-t-i~jn-'A_ih(~)d~ 
i=l 
P 
c/ t+(j+l)o ’ = CC s-t-q “-‘pA-‘h(s) ds_ 
j=l r+ju i=l 
It can be shown that there is a constant M > 0 (independent of j) such that for each j, 
s~[t+ju, t+(j+A)a] implies ~(s-t-ia)m-‘A~-‘~M. 
i=l 
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In fact, if t + ja < s < t + ( j + IJo, tlxn 
i i 
C( s-~-~irr)m-lAi-l= C [(~_~_ja)+(j__i)o]m-lAi-i 
i=l i=I 
< f: [(2(s-I-ia))m-l+(2(j-i)cr)m-1]Aj-i . 
i = 1 
< (2cr)‘“_l f: [I +(j-i)m-l]Ai-i 
i=l 
It follows that 
< (20-)“-’ i (I + km-l)Ak = M. 
k=O 
0 \( lyh#(f) <M i /t+(‘+l)uA-jh(s)ds 
i=l t+ja 
\( M i /I+(j+ ““h -(s-t)/m/d(S) ds = Mh’/-la A -“‘“h(s) ds, 
j=l t+jo t+a 
proving Lemma 6. q 
Proof of Theorem 4. For simplicity we put 
F(t) = F( t, aAP(‘)/“, a#(‘)/$ G( t ) = G( t , aAP(t)/“, ape(‘)/‘). 
Let c > 0 be so small that ~(1 + max 1 o,(t) 1) < a and ~(1 + max 1 w,(t) i ) G a, and choose T so 
large that (2.5) ho!ds and 
qA,cT lrn( [ s-t)m-l F(s) ds < cAtiff, 1 
s - t)“-‘G(s)ds <c$“, 1 
(3 5) . 
for t 2 T,. Formula (3.5) is a consequence of Lemma 6. Eefine 
X=(X~C[T,,~):~X(~)~<~A~~~, t>T,), 
Y= (y E C[T,, a): I y(t) I G apt5 t a T,), 
(3 6) . 
U= u~C[T,cc):lu(t)l<j,(S-t)m-lF(s)ds! t,T), 
( t 7 
I/= u~C[T,m):lc(t)lgj~(s-t).-lc(s)ds, ,,T). 
I 
(3 ) s ‘ 
t 
Let 9$V=UXV+C[T*, a)* be a mapping which assigns to each w = (u, u) E W a vector 
function z = (x, y ), where 
x(t) = 
cAt/“wu(t) - P’,p(t), t>T-o, 
cAr’uwu(t)-!P~,,u(T-a), T, <t<T--a, 
t>T--r, 
y(t) = 
w’/‘o,(t) - yp(t), 
cp%,( t) - !Pp,,v(T - T), T, <t<T-r, 
(3 8) . 
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and let Fz : 2 = X x Y + C[ T, a)* be a mapping which assigns to each z = (x, y) E 2 a vector 
function w = (u, P), where 
U(t) = &#.o(f; x9 v)(t), L?(t) = I,,&?; x, y)(t), t>T. (3 9) 
(See (2.11) for the definition of ImqO[ f; x, y) and Zn O(g; x, y).) Consider the mapping 9: Z’X 
+ C[T, ,a)’ x C[ T, a)* defined by (2.12). Then, k maps 2 X W into itself, since F2( 2) c W 
by (3.6) and (3.91, and ST;(W) c 2 by (3.7), (3.8) and (3.5). Since the continuity of .F and the 
relative compactness of 9(2 x WI can be verified in a routine manner, 9 has a fixed element 
(z, w) = (x, y; u, ~1 E 2 x W which clearly satisfies 
x(t) -cl\‘/%,(t) - ‘P’,+(t), y(t) = cy’/‘w,(t) - !Pjj,g(t j, t >, T, 
u(t) = Im.o(f; x9 Y J(t), u(t) =I,&; x9 y)(t), t 2 T. 
It follows that (x(t), y(t)) is a solution of the system (A) for t >, T. To see that (x(t), y(t)) 
satisfies (3.2) it suffices to notice that T”,,u( t) = o( t l/O) and W,,,v( t) = o(pfjT), as t + 00, on 
account of Lemma 6. This completes the proof. 0 
f of Theorem 5. Put 
F(t) =F(t, a[p(t)]j, ajP’)‘f), G(t) = G(t, a[p(t)]‘, a/~~(‘)‘~). 
Let c > 0 be a constant such that 2c/(Z - A) \< a and ~(1 + max 1 m,(t) 1) < a, and choose T so 
large that (2.5) holds and 
I 
x 
t”-j-‘F(t)dt < $c and !PP,$w(s - t)n-lG(s)ds] < c$/~, t>T*. 
T 
Consider the sets 2 =X x Y and W = U X V, where 
X= x E C[T,, w):&(t - T)‘,<x(t) < 
2C 
. 
(1 _A)j! (t - T):’ ’ ~ T, 
I 
’ 
y= (Y E C[T,, a): I y(t) I <apt/r, t 2 T,), 
u= uN[T,m):&(t-T)i<u(t)< 
. 
V= wzC[Tp): Io(t)l</=(s-t)“-‘G(s)ds, t,T), 
i t 
and let Fr :?V+C[T,, 4* and F2 : 2 + C[ T, 4* denote the mappings defined as follows: 
Frw = F,Cu, VI = (x, y), where 
x(t) = %A f 1, 
taT-o, 
%.*u(T - 4, T, ,<t<T-a, 
y(t) = 
cp’%l&( t ) - lu,,,Lf t ), t>,T-7, 
cp’%,(t) - !Pjp,z~(T - T), T, < t < T - 7. 
F2t = F2(x, y) = (u, v), where 
i4(t) = 
c(t - T)’ 
J! +Im,j(f; ~9 Y)(t), t 2 T, 
w =I,.&; x9 y)(t), t > T. 
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FYZ = F$X, y) = (u, d, where 
c(t - T)’ 
u(t)= J, +Im,j(f; ~3 Y)(t), t 2 T, . 
v(t) = I,&; x9 y)(t), t a T. 
Then proceeding as in the proofs of Theorems 1 and 4, we can show that there exists a 
(z, W) = (x, y; U, V) E 2 x W such that LFJu, v) = (x, y) and 9.(x, Y) = (u, u), and come- 
quently z = (x, y) gives a solution of the system (A) for t 2 T having the asymptotic property 
(3.5). This sketches the proof of Theorem 5. 0 
Remark 7. We note the component x(t) [respectively y(t)] of the solution (x(t ), y(t 1) of (A) 
established in Theorem 4 is oscillatory or nonoscillatory according to whether the periodic 
function o,(t) [respectively w,(t)] is oscillatory or nonoscillatory. Since o,(t) and o,(t) can be 
given arbitrarily and since they do not appear explicity in (3.0, under the condition (3.1) the 
system (A) possesses the following three types of solutions: 
(i) the solutions, both components of which are oscillatory; 
(ii) the solutions, exact!.j one component of which is oscillatory; 
(iii) the solutions, both components of which are nonoscillatory. 
Since A and p are assumed to be less than 1, in any of the above cases, both components of the 
solutions decay to zero as t + 00. 
We conclude with an example illustrating the results developed above. 
Example 8. Consider the system of neutral equations 
d” 
&x(t)-Ax(t-1)] +a(t)xa(t-2)+b(t)yP(t-3)=0, 
d” 
dt”Mt) -py(t-l)] +c(t)xY(t -2)+d(t)y6(t-3)=0, 
(3.10) 
where 0 < A < 1, 0 < p < 1, CY, /3, y, 6 are ratios of odd positive integers, and a(t), b(t), c(t), 
d(t) are continuous functions on [t,, 4. Suppose that 
/ 
m 
t”-j-l+aj 1 a(t) Idt < 00, 
r0 
/ 
mtm-i-l+fik 1 b(t) lclt < 00, 
t0 
/ 
00 
t0 
t”-k-i+yjIC(t)ldt<oc, j~t~-k-ifseId(t)ldt<~, 
to 
for some j E (0, 1, . . . , m - 1) and k E { 0, 1, . . . , n - 1). Then, Theorem 1 implies that system 
(3.10) has a solution (x(t), y(t)) such that 
x(t) = const. - ti+o(ti) and y(t)=const: tk+o(tk), as t-00. (3.11) 
-3 
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particular, (3.10) is linear (i.e., (v = 0 = y = S = 1) and 
x 
m-‘:a(t)]dt<C”:, I 
x 
/ 
t t 
nl+rr-2 Ib(r)ldr <“, 
to to 
X 
I 
X 
/ 
t m*n-2 1 c(t) ]dt < dc, P-l I d(t) Idt < ~0, 
10 f0 
(3.12) 
then, for any i E (0, 1,. . . , m - 1) and k G [Z, I,. . . , n - 11, there exists a solution ( x( t ), y(t)) of 
(3.10) saGstying (3.11). 
suppose that 
/ 
X 
h(a-l)’ Ia(t) Idt < a, 
to 
/ 
xp(‘-1)r 1 d(t) (dt < 0~. 
t0 
(3.13) 
Then, according to Theorem 4, system (3. IO) has a solution (XC t), y(t)) such that 
x(t) = const. . Ah,(t) + o(X) and y(t) = const. l p’q(f) + o(p’), (3.14) 
as t + =, for any given periodic functions o,(t) and o,(t) with period 1. The component x(t) 
[respectivelv y(t)] is oscillatory or nonoscillatory according to whether o,(t) [respectively o,(t)] _ 
is oscillatory or nonoscillatory Typical examples of oscillatory l-periodic solution are cos 2krrt 
and sh2kw, k = 1. 2,. . . . If. in particular, (3.9) is linear and A = p, then (3.13) reduces to 
/-=( I~(t)l+lb(r)l+lc(~)l+Id(r)l) dt<m, (3.15) 
JtO 
which ensures the existence of a solution (X(Z), y(t)) satisfying (3.14) with A = p. Since (3.12) 
implies (3X), under (3.12) the linear system (3.10) (with A = p) possesses nonoscillatory 
solutions satisfying (3.11) for any j E (0, 1,. . . , m - 1) and k E (0, 1, . . . , n - 1) as well as 
solutions, both oscillatory and nonoscillatory, which decay exponentially to zero as t + 05). 
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